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Abstract
We conduct an in-depth analysis of statistical flow properties calculated from
the reference high-resolution Saturn simulation obtained by global climate
modelling in Part II. In the steady state of this reference simulation, strongly
energetic, zonally dominated, large-scale structures emerge, which scale with
the Rhines scale. Spectral analysis reveals a strong anisotropy in the kinetic
energy spectra, consistent with the zonostrophic turbulent flow regime. By
computing spectral energy and enstrophy fluxes we confirm the existence of a
double cascade scenario related to 2D-turbulent theory. To diagnose the rel-
evant 3D dynamical mechanisms in Saturn’s turbulent atmosphere, we run a
set of four simulations using an idealized version of our Global Climate Model
devoid of radiative transfer, with a well-defined Taylor-Green forcing and
over several rotation rates (4, 1, 0.5, and 0.25 times Saturn’s rotation rate).
This allows us to identify dynamics in three distinctive inertial ranges: (1) a
“residual-dominated” range, in which non-axisymmetric structures dominate
with a −5/3 spectral slope; (2) a “zonostrophic inertial” range, dominated
by axisymmetric jets and characterized by the pile-up of strong zonal modes
with a steeper, nearly −3, spectral slope; and (3) a “large-scale” range, be-
yond Rhines’ typical length scale, in which the reference Saturn simulation
and our idealized simulations differ. In the latter range, the dynamics is dom-
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inated by long-lived zonal modes 2 and 3 when a Saturn-like seasonal forcing
is considered (reference simulation), and a steep energetic decrease with the
idealized Taylor-Green forcing. Finally, instantaneous spectral fluxes show
the coexistence of upscale and downscale enstrophy/energy transfers at large
scales, specific to the regime of zonostrophic turbulence in a 3D atmosphere.
Keywords: Global climate modeling, zonostrophic regime, Saturn’s zonal
jets, spectral analysis.
1. Introduction
The self-organization of large-scale coherent flows is ubiquitous in nature
and is an essential, cutting edge research topic in fundamental fluid dynamics,
geophysics and planetary sciences (Galperin and Read, 2019). The strong
zonal (i.e. east-west) winds observed on the gas giants, i.e. Jupiter, Saturn,
Uranus and Neptune (Ingersoll, 1990) are unmistakable markers of powerful,
self-organized, atmospheric dynamics, insofar as they have been difficult to
access by direct measurements.
By tracking cloud motions in the upper atmosphere, ground-based obser-
vations and the successive Voyager, Cassini, New Horizons, and Juno mis-
sions have provided detailed information on the wind patterns of Jupiter
and Saturn, including temporal variability and vertical profiling (e.g., Porco
et al., 2003; Sa´nchez-Lavega et al., 2004; Vasavada and Showman, 2005;
Garc´ıa-Melendo et al., 2010). Each of these planets exhibits a system of
axisymmetric (i.e. axial symmetry relative to the rotational spin axis) jet-
streams, confined in latitude and almost invariant in azimuth. These jets are
latitudinally-varying winds that alternate between prograde (eastward) and
retrograde (westward) flow with respect to the apparent mean planetary ro-
tation. Latitudinal jet profiles exhibit qualitative similarities on both Jupiter
and Saturn: there exists a broad, fast prograde equatorial jet and numerous
narrower, weaker prograde jets at higher latitudes. Despite these similari-
ties, the zonal jets are considerably broader, faster, and fewer in number on
Saturn than on Jupiter (Showman et al., 2017).
Apart from the dominant axisymmetric flow, hundreds of non-axisymmetric
eddies develop (convective storms, waves, vortices, and turbulence). Jupiter’s
Great Red Spot, an anticyclonic vortex (Fletcher et al., 2010; Simon et al.,
2014), and Saturn’s polar hexagon, a wavenumber-6 disturbance superim-
posed on the northern circumpolar jet (Baines et al., 2009; Sa´nchez-Lavega
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et al., 2014; Rostami et al., 2017) constitute the largest and the most long-
lived examples. In recent decades, much effort has been made by theoreti-
cians, experimentalists, and numericists to understand the relevant dynami-
cal mechanisms responsible for the axisymmetric jets, the non-axisymmetric
eddies, and the interactions between them (Salyk et al., 2006; Del Genio and
Barbara, 2012; Galperin et al., 2014).
How do axisymmetric jets emerge in gas giants? It is well accepted that in
three-dimensional (3D) systems, turbulent kinetic energy is typically trans-
ferred from larger to smaller scales through a direct energy cascade (the
Kolmogorov cascade). However, this process can be reversed under certain
conditions favoring coherent flow. In other words, non-axisymmetric tur-
bulent flows (e.g. caused by flow baroclinicity, Salmon, 1980) can feed the
large-scale jets. This is the case in both quasi-two-dimensional (2D) domains,
where the flow is geometrically confined in depth to a shallow layer, or un-
der rapid rotation in 3D domains, where the flow becomes invariant along
the rotational spin axis and is dynamically confined to quasi-2D geostrophy.
Two types of models have been proposed for jet formation in planetary at-
mospheres: shallow models where jet forcing is confined to the atmospheric
weather layer (Cho and Polvani, 1996; Lian and Showman, 2008; Schneider
and Liu, 2009; Liu and Schneider, 2010; Young et al., 2019; Spiga et al., 2020)
and deep models where jet forcing extends into the convective molecular en-
velope of the planet (Christensen, 2002; Heimpel et al., 2005; Gastine et al.,
2014; Cabanes et al., 2017). In both cases, flow bi-dimensionalization trans-
fers kinetic energy from small to large scales via the so-called inverse energy
cascade (Kraichnan, 1967). It is only recently that this theoretical framework
has been generalized to 3D rotating turbulence by Sukoriansky and Galperin
(2016). Using analytical tools, they showed the transition from a 3D direct
energy cascade to rotation-dominated (quasi-2D) turbulence leading to an
inverse energy cascade. This duality between 2D and 3D turbulence as well
as geometrical and dynamical flow confinement, together with the associated
transition from direct to inverse energetic cascade, is at the core of funda-
mental geophysical fluid dynamics (Smith et al., 1996; Pouquet and Marino,
2013; Deusebio et al., 2014).
Spherical geometry also carries an additional background potential vor-
ticity gradient β, which preferentially channels kinetic energy in the zonal
direction, promoting large-scale zonal motions (Vallis and Maltrud, 1993;
Cho and Polvani, 1996). The planetary vorticity β = (2Ω/a) cosϕ directly
results from the variation of the Coriolis parameter with latitude ϕ, the ro-
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tation rate Ω, and planetary radius a. This coupled action of the turbulent
inverse cascade and of the β-effect in planetary atmospheric envelopes links
large-scale features to smaller scale dynamics through the continuous process
of scale-to-scale interactions. These specific planetary conditions define the
regime of zonostrophic turbulence, coined by Sukoriansky et al. (2002).
In the framework of 2D-turbulence, Sukoriansky et al. (2002) generalized
the double cascade scenario of Kolmogorov-Batchelor-Kraichnan (KBK) (i.e.
the inverse cascade of energy and the direct cascade of enstrophy) to turbu-
lence on the surface of a rotating sphere. They showed that 2D-turbulent
zonostrophic regimes display universal kinetic energy spectra with a steep
−5 slope in their axisymmetric component, while in the non-axisymmetric
component the classical KBK scaling prevails with a −5/3 slope. This spec-
tral anisotropy, as well as the presence of an inverse energy cascade, has been
detected in Jupiter’s tropospheric winds using Cassini near-IR imaging (Choi
and Showman, 2011; Galperin et al., 2014; Young and Read, 2017).
Similarly, this zonostrophic signature has been identified in 2D-turbulent
numerical simulations both with a β-plane approximation (Chekhlov et al.,
1996) and on the surface of a rotating sphere (Huang et al., 2001; Galperin
et al., 2006). These models reproduce the basic dynamical features of generic
gas giant atmospheres without reproducing specific planets, yet they lack
the physical realism of real planetary systems as they explicitly assume 2D-
turbulent flows. The emergence of Global Climate Models (GCMs) for gas
giants (Dowling et al., 2006; Schneider and Liu, 2009; Liu and Schneider,
2010; Lian and Showman, 2010; Young et al., 2019; Spiga et al., 2020), where
a thin planetary shell is simulated by solving for 3D primitive equations of
motion with increasingly realistic physical parametrizations (e.g., radiative
transfer, Guerlet et al., 2014; Spiga et al., 2020), now allows for in-depth
spectral analysis of simulated giant planets in order to diagnose the relevant
dynamical mechanisms in 3D-turbulent zonostrophic flow.
To step in this direction, the present paper (Part III of this series) uses
high-resolution multi-annual 3D numerical simulations obtained by the Sat-
urn DYNAMICO GCM described by Spiga et al. (2020) (Part II of this
series). This GCM is designed to explore Saturn’s tropospheric and strato-
spheric dynamics with a new icosahedral dynamical core (DYNAMICO, Du-
bos et al., 2015) and realistic radiative transfer (Guerlet et al., 2014, Part I of
this series). Following the approach that Augier and Lindborg (2013) applied
to terrestrial Global Climate Models, we compute kinetic energy spectra as
well as spectral energy and enstrophy fluxes from instantaneous wind maps.
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This is done in two stages. First, we compute the spectral analysis of the Sat-
urn reference simulation (SRS in the text below) described in Part II by Spiga
et al. (2020), where the forcing gives rise to banded jets resulting from the
growth of baroclinic eddies at small scales. Second, we run a set of idealized
simulations, using only the DYNAMICO dynamical core, with a well-defined
Taylor-Green forcing but with radiative transfer being switched off, which
suppresses flow baroclinicity caused by equator-to-pole gradients. In these
idealized simulations we vary the planetary rotation rate (as done by, e.g.,
Chemke and Kaspi, 2015) to bracket the properties of Saturn’s zonostrophic
regime, and to diagnose the relevant dynamical processes in a 3D-turbulent
atmospheric layer without the effects of intermittency and spatial anisotropy
induced by baroclinic forcing.
In all these simulations we identify the double cascade predicted by KBK
for 2D-turbulence, as well as zonostrophic spectral anisotropy. In the SRS,
semi-annual and annual energy cycles are identified. Our analysis reveals
that the dynamics exhibit a transition across the Rhines scale LR (Rhines,
1975), showing a large-scale dynamical regime (L > LR) dominated by long-
lived energetic modes, and a small-scale dynamical regime (L < LR) that is
highly sensitive to the seasonal cycle. In turn, the idealized simulations em-
phasize the peculiar dynamics that develop within the zonostrophic inertial
range, where axisymmetric kinetic energy substantially dominates over non-
axisymmetric kinetic energy. As the rotation rate increases, the dynamical
confinement (i.e. quasi-2D geostrophy) as well as the inverse energy cascade
become more efficient, leading towards a steeper energy spectra to which the
classical picture of 2D-turbulence is not applicable.
In Section 2 we remind the reader about the key characteristics of the SRS
(Saturn reference simulation) and we present the numerical setup used to run
our idealized simulations. The theoretical framework of zonostrophic turbu-
lence is introduced in Section 3 as well as the typical scaling characteristics of
3D rotating turbulence. The statistical tools are detailed in Section 4. Sta-
tistical analysis is first applied to the SRS in Section 5, then to our idealized
setup in Section 6. Conclusions and perspectives are in Section 7.
2. Numerical setup
The first part of our analysis uses the exact same SRS as is described and
analyzed in detail in Spiga et al. (2020). Here we remind the reader about the
main characteristics of this simulation. In the present manuscript, latitude
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is denoted as ϕ, longitude as λ, radial/vertical as z and g = 10.4 m s−2 is the
gravitational acceleration on Saturn. We use Saturn’s radius a = 58232000 m
and rotation rate Ω = 1.65121× 10−4 s−1.
A Global Climate Model (GCM) consists of coupling a generic hydrody-
namical solver (usually named the dynamical core) with physical parametriza-
tions specific to a planet, aimed at emulating the processes unresolved by
the dynamical core (radiative transfer, small-scale mixing, cloud formation,
etc. . . . ). Developed at Laboratoire de Me´te´orologie Dynamique, DYNAM-
ICO is a new dynamical core that solves the primitive equations of motion
with a hybrid mass-based vertical coordinate. Equations are solved in the
limit of hydrostatic dynamics with the shallow-atmosphere approximation
(i.e. reduced Coriolis parameter). Spatial discretizations are formulated fol-
lowing an energy-conserving three-dimensional Hamiltonian approach (Du-
bos et al., 2015). The DYNAMICO dynamical core uses a quasi-uniform
icosahedral mapping of the planetary sphere to ensure excellent conserva-
tion and scalability properties in a massively parallel configuration (Dubos
et al., 2015) with the projection from the unstructured icosahedral grid to
a cylindrical latitude/longitude grid performed at runtime (see Spiga et al.,
2020, for details and references). This approach enables us to carry out
computationally-intensive simulations combining high horizontal resolutions
(here 1/2◦ in latitude and longitude) with a long integration time of more
than ten Saturn years. Time integration is done by an explicit Runge-Kutta
scheme.
Subgrid-scale dissipation in the horizontal is solved by adding a hyper-
diffusion term to the vorticity, divergence and temperature equations:[
dF
dt
]
dissip
=
(−1)q+1
τ
∇2qF (1)
where F can be divergence, vorticity, or potential temperature, q is the order
of dissipation, and τ the damping timescale at the smallest horizontal scale
resolved by the model. The selection of appropriate values for q and τ and
their impact on the global dynamics remains empirical, as discussed in the
appendices of Spiga et al. (2020). For our idealized simulations described in
section 6, we choose the same values as what the ones used by Spiga et al.
(2020) for the SRS, i.e. q = 2 and τ = 10000. Setting these hyperdiffusion
parameters is a trade-off between the stability of the model integration and
the degree to which small-scale perturbations are resolved.
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In the vertical dimension (i.e. along radial coordinates, which correspond
to the vertical in our shallow-atmosphere simulations), both the SRS in Spiga
et al. (2020), and the idealized GCM simulations presented in section 6, solve
the equations at 32 levels, from 3 bar to 1 mbar, from the upper troposphere
to the middle stratosphere. A stress-free boundary condition is imposed at
the uppermost layer, instead of an absorbing sponge layer that may result
in spurious effects due to non-conservation of angular momentum (Shaw and
Shepherd, 2007). At the lowest layer (i.e. at the 3-bar level), the bounding
condition is stress-free and a bottom drag ub = −αu is imposed with a
frictional rate α = 1/τR similar to Schneider and Liu (2009) and Liu and
Schneider (2010). This large-scale frictional dissipation emulates to zeroth
order, at the bottom of our model, the magneto-hydrodynamic drag (MHD)
acting on jets extending at the bottom of the atmospheric layer (Liu et al.,
2008) several thousand kilometers below the visible cloud layer (Galanti et al.,
2019). Improving on this admittedly simplistic bottom boundary condition
is an entire research goal on its own and is left for future investigations.
In our model, we set a frictional region with τR = 90 Earth days, with a
non-frictional region near the equator −33◦ < ϕ < 33◦ with τR = ∞, as in
Schneider and Liu (2009); Liu and Schneider (2010). In the vertical, subgrid-
scale dissipation is handled by a combination of a Mellor-Yamada diffusion
scheme for small-scale turbulence, and a dry convective adjustment scheme
for organized turbulence (e.g. large-scale convective plumes).
The physical parametrizations used in our GCM have been specifically
developed to simulate the physical properties of Saturn’s troposphere and
stratosphere, in particular a seasonal radiative transfer model optimized for
Saturn, complete with internal heat flux and Saturn’s ring shadowing, which
has been validated using available measurements, as detailed by Guerlet et al.
(2014) and Spiga et al. (2020). This is the key setting on which the SRS
and the idealized simulations presented in section 6 differ. We note that
the current version of the model does not parametrize moist convection,
which occurs in giant planets’ atmospheres (Gierasch et al., 2000) and car-
ries substantial energy into the jet system (Sayanagi and Showman, 2007).
The model also inhibits large vertical gradients of potential temperature (i.e.
along a planetary radius) by linearizing deep convection around a mean ver-
tical temperature profile (the convective adjustment scheme). These physical
limits, together with the shallow-atmosphere approximation, are possibly re-
sponsible for some discrepancies between direct planetary observations and
DYNAMICO simulated wind fields in a Saturn-like configuration like the
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SRS (see also section 4.4 in Spiga et al., 2020). Future implementations of
our Saturn DYNAMICO model will address these issues. Aware of those
limitations, the present work mainly focuses on DYNAMICO’s dynamical
core and its capability to simulate the zonostrophic inertial range relevant
for the formation of jets.
3. Scaling and kinetic energy distribution in 3D zonostrophic tur-
bulence
Global Climate Models are powerful tools for modelling the complexity
of planetary atmospheres in a realistic fashion. The primitive equations of
motion are solved in a 3D-spherical domain, for a divergent, stratified flow in
which energy is provided by the seasonal cycle of incoming sunlight (all plan-
ets) and internal heat flux (giant planets). Quasi-steady jets arise in GCM
simulations after several simulated Saturn years as a result of the non-linear
dynamics resolved by the model. In order to diagnose these mechanisms it is
relevant to analyze the kinetic energy distribution in Fourier space. Spectral
analysis has the advantage that each dynamical step leading to the formation
of equilibrated jets can be interpreted in terms of typical length scales or,
equivalently, wavenumbers.
When spherical harmonic functions are invoked to compute energy spec-
tra, the basis functions Y mn (ϕ, λ) are eigenfunctions of the horizontal Lapla-
cian operator ∇2hY mn = −n(n + 1)Y mn /a2, and depend on non-dimensional
total and zonal indices n and m respectively (Boer, 1983; Boer and Shep-
herd, 1983). The planetary spin axis defines the zonal index m = 0 to be
the axisymmetric mode that characterizes the zonal jets. Indices m 6= 0 de-
fine the residual non-axisymmetric part of the flow (eddies). At any typical
length scale in latitude L, one can attribute a typical total index n given by
the relation n = 2pia/L, since ϕ ∈ [0, pi]. We represent in Fig. 1 the theoret-
ical distribution of kinetic energy as a function of total index n in the same
fashion as presented in Galperin et al. (2010). This diagnostic aims to give
a global picture of the zonostrophic regime with a scaling suitable for our
Saturn reference simulation. This scaling is now described.
3.1. Typical scales and the 2D horizontal anisotropy
The absorption of sunlight in a stably stratified, radiative, motionless at-
mosphere leads to the development of an unstable meridional temperature
gradient, which drives small-scale baroclinic eddies. These eddies result from
8
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Figure 1: Theoretical energy distribution as a function of the total index n presented in
a similar fashion to Galperin et al. (2010) and Galperin et al. (2019, Chapter 13). The
scaling corresponds to our Saturn reference simulation. Notations are described in extenso
in the text of sections 3.1 and 3.2.
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the conversion of potential energy, stored in density fronts, into kinetic energy
at typical horizontal (i.e. along the spherical surface) length scales close to
Rossby radii of deformation, LD = NBVH/dpif , where d are positive integers
defining baroclinic modes, NBV =
√
−g
ρ
∇ρ is the Brunt-Va¨isa¨la¨ frequency,
and ∇ρ is the density change over depth H. Thus, in SRS, kinetic energy
is presumably created at the typical baroclinic index nD ≥ 2pia/LD, corre-
sponding to the shadowed area in Fig. 1. In this figure, we also locate the
smallest resolved scale corresponding to 1/2◦ in latitude; this indicates that
only the first Rossby deformation radius is resolved in our simulations.
It is commonly argued that rapid planetary rotation “barotropizes” baro-
clinic eddies, leading to an inverse kinetic energy cascade towards larger scales
(Charney, 1971; Rhines, 1975; Salmon, 1980). Such a picture of energy source
and energy transfer has been observed in terrestrial atmospheric and oceanic
reanalysis data (Chemke and Kaspi, 2016; Chemke et al., 2016) as well as in
idealised GCM simulations (Chemke and Kaspi, 2015). In the specific con-
figuration of shallow-rotating atmospheric layer, dynamical confinement (i.e.
barotropization) and geometrical confinement (i.e. weak depth extension) act
together to suppress enstrophy production at large scales and to reinforce the
inverse cascade at the expense of the direct one. The coexistence of geomet-
rical and dynamical flow confinement is a topic of recent investigation insofar
restricted to idealized numerical studies in a triply-periodic domain (Deuse-
bio et al., 2014). Flow confinement means horizontal anisotropy, namely the
inhibition of flow evolution in the vertical, which splits the dynamics into
two subranges of 3D isotropic and quasi-2D anisotropic turbulence, as sum-
marized in Fig. 1.
Studies suggest the existence of two typical length scales, relative to both
types of confinement, that bound the region of flow anisotropisation, and
therefore bound the inverse cascade.
1. The first length scale is set by the aspect ratio S = Lf/Lz between
the typical length in the compacted direction Lz and the scale of the
forcing Lf (Smith et al., 1996). Celani et al. (2010) report that the
energy transfer rate  of the inverse cascade diminishes as the aspect
ratio increases, and eventually vanishes for S = 1/2. Even though this
value is not expected to be universal, it is useful to define a typical
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latitudinal index
nS = 2pia/H (2)
corresponding to this threshold (here, S = 1/2 and LZ = H). In the
scale range n < nS, geometrical confinement is suspected to lead to
upscale energy transfer.
2. A second length scale is provided by setting the non-dimensional Rossby
number Ro(n) = 1/3/Ω(pia/n)2/3 equal to one (Zeman, 1994). This
defines a typical index
nRo = pia(Ω/
1/3)3/2 (3)
that sets a scale range n < nRo in which the flow is sensitive to the
Coriolis effect, and develops barotropic modes (i.e dynamical confine-
ment) (Smith and Waleffe, 1999; Deusebio et al., 2014). In this study,
we estimate the Rossby number by integrating over all total indices n.
Also, we will refer interchangeably to the Rossby index and the Rossby
number to account for the strength of the dynamical confinement.
Fig. 1 shows that both the aspect ratio and Rossby indices (nS and nRo)
are much smaller than the smallest scales resolved in our GCM (spectral
analysis section 5 contains an estimate for ). Consequently, as is the case
for all existing GCMs for gas giants, our simulations (with 1/2◦ horizontal
resolution) only partially reproduce the inverse cascade inertial range and do
not reproduce the 3D isotropic domain at all. Note that because kinetic en-
ergy is created within the 2D horizontal anisotropic scale-range, an upscale
energy cascade is expected.
3.2. Spectral energy budget and zonal anisotropy
The framework of zonostrophic turbulence extends Kraichnan’s classical
definition of the energy transfer range (Kraichnan, 1971) to 2D turbulent
flows with a β-effect (Galperin et al., 2010). The inverse energy cascade is
zonally anisotropized, leading to zonal and residual spectra in the following
universal form (Sukoriansky et al., 2002),
EZ(n) = CZβ
2n−5, CZ ≈ 0.5, (4a)
ER(n) = CR
2/3n−5/3, CR ≈ 5− 6. (4b)
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The residual spectrum (black dashed line in Fig. 1) closely follows the classical
Kolmogorov-Batchelor-Kraichnan (KBK) theory of 2-D isotropic turbulence,
while the zonal spectrum (red dashed line in Fig. 1) clearly diverges from the
non-axisymmetric modes with its steeper −5 slope. The intersection of the
zonal and residual spectra defines the transitional index
nβ = (CZ/CR)
3/10(β3/)1/5 (5)
at which the turbulent and Rossby wave frequencies are equal. This length
scale compares two processes that are competing in the system: the flow
capacity to transfer energy uspscale through the value of  (which depends
on how flow bi-dimensionalization is efficiently set) versus its ability to chan-
nel energy in the zonal direction through parameter β (here, the parame-
ter β is estimated at mid-latitude ϕ = 45◦). In simulations assuming 2D
barotropic flows, Sukoriansky et al. (2008) and Galperin et al. (2010) find
(CZ/CR)
3/10 ≈ 0.5, while Galperin et al. (2014) and Cabanes et al. (2017,
2018) find ≈ 0.75 using observed Jupiter wind fields and laboratory experi-
ments, respectively.
In classical isotropic 2D-turbulence on a non-rotating sphere, the inverse
energy cascade ranges between the injection scale ni (here ≈ nD), at which
the flow is energized, and the large-scale friction nfr, at which energy is
dissipated. In the case of a rotating sphere, the additional β-effect splits
energy transfer into two subranges nfr<n<nβ and nβ<n<ni (Huang et al.,
2001; Galperin et al., 2010). The former corresponds to the zonostrophic
inertial range where the axisymmetric flow dominates and forms a system of
multiple jets (Sukoriansky et al., 2002, 2008; Galperin et al., 2010). We call
the latter the residual-dominated inertial range, where the β-effect is weaker
and the flow is dominated by the residual spectrum. These two subranges
will be of crucial importance in the following study, as they are both fully
resolved by the model. In flows with a strong β-effect, it is well accepted
that the Rhines total index
nR = a(β/2U)
1/2 (6)
is a good approximation of the frictional scale at which the upscale cascade
is arrested (Sukoriansky et al., 2007). Rhines’ index also gives an estimate
of the jets’ size, with U the root-mean-square (RMS) of the total velocity.
The extension of the zonostrophic inertial range, and correspondingly the
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strength of the zonostrophic regime, can be estimated by the zonostrophy
index Rβ = nβ/nR. It is generally accepted that zonostrophic turbulence
emerges for Rβ ≥ 2.5 (Galperin et al., 2006).
Finally, there is an ultimate length scale at which β becomes sufficiently
weak that the flow reaches the domain of 2D horizontal anisotropy where
the zonal and residual energy spectra are undifferentiated. This transition is
observed in the modal spectrum, which is defined as
E (n,m) = ER(n)/(2n+ 1) = (1/2)
2/3n−8/3 (7)
and is the green dashed line in Fig. 1. Equating the modal spectrum to
Eq. (4a), we obtain an estimate for the zonal index:
nz = (CA/CR)
3/10(2nβ/∆m)
3/7nβ (8)
at which the flow transits to non-zonostrophic turbulence (here ∆m = 1).
Three primary spectral ranges are then identified as the total index n in-
creases: the zonal anisotropic, the 2D horizontal anisotropic, and the 3D
isotropic ranges. The existence of two successive flow anisotropisations is
specific to 3D zonostrophic turbulence. Due to our resolution limit, only
the zonal anisotropy range is resolved in our simulations. Note, however,
that the configuration depicted in Fig. 1 is relative to our Saturn model,
and might change using other planets’ properties or by changing the internal
model parameters.
All spectra and length scales presented in Fig.1 are verifiable predictions
of the zonostrophic regime if a sufficiently large zonostrophy index Rβ is
achieved. Up to now, 2D-turbulent numerical studies as well as spectral anal-
ysis of Jupiter observations have reported good agreements in both spectral
slope and magnitude (Del Genio et al., 2009; Galperin et al., 2010; Sukori-
ansky et al., 2012; Galperin et al., 2014). In the present study, we extend
the statistical analysis of zonostrophic turbulence to a 3D-turbulent model.
Contrary to previous 2D barotropic studies, flow confinement in our GCM
is not assumed but results from the shallow-rotating conditions that enable
inverse energy cascade. Hence, geometrical nS and dynamical nRo indices
become two additional relevant scales of the system. The index nS is un-
changed in all our simulations for a fixed atmospheric layer depth H. Thus,
varying the rotation rate defines simulations with distinct Rossby numbers,
which sets the strength of the upscale energy transfer.
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4. Statistical flow analysis
4.1. Kinetic energy spectra
To compute the spectral analysis of the horizontal velocity fields u (i.e.
a wind map at a fixed vertical position) it is appropriate to decompose the
vector field in terms of two scalar functions. A decomposition into rotational
(non-divergent) v and divergent (irrotational) w velocity components can
be performed via the Helmholtz expression u = ∇h × ψez +∇hφ = v + w,
where scalar fields ψ and φ are the horizontal streamfunction and velocity
potential, respectively. Using this decomposition, one obtains the vorticity ξ
and the divergence δ fields,
ξ = roth(u) = ∇2hψ (9a)
δ = divh(u) = ∇2hφ. (9b)
By definition, the scalar product of two horizontal vector fields a and b can
be expressed in the spectral domain as,
(a,b)m,n =
a2
n(n+ 1)
R {roth(a)m,nrot∗h(b)m,n + divh(a)m,ndiv∗h(a)m,n} (10)
where ∗ is the complex conjugate and R{·} refers to the real part (see Boer,
1983; Augier and Lindborg, 2013). It is clear from expression (10) that the
2D kinetic energy spectum (i.e. spectral energy density per modes m,n) is
E (n,m) =
(u,u)m,n
2
=
a2
2n(n+ 1)
R
{
ξm,nξ
∗
m,n + δm,nδ
∗
m,n
}
, (11)
where ξm,n and δm,n are the spherical harmonic coefficients of the vorticity
and divergence fields. Following Sukoriansky et al. (2002), we define the 1D
energy spectrum as E(n) =
∑n
m=−n E (n,m), which can be decomposed into
a sum of the zonal and residual components, E(n) = EZ(n) + ER(n). The
zonal spectrum corresponds to the axisymmetric energy (m = 0):
EZ(n) = E (n, 0) (12)
while the residual spectrum is a sum over all non-axisymmetric modes (m 6=
0):
ER(n) = 2
n∑
m=1
E (n,m). (13)
In the text below, we will refer to the modal spectra E (n,m) as it corresponds
to kinetic energy for each pair of modes (n,m).
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4.2. Spectral fluxes
In order to better characterize the non-linear dynamics of eddy-eddy inter-
actions in Saturn atmosphere, we compute non-linear enstrophy and energy
fluxes, which provide further insight into the enstrophy and energy redistri-
bution among scales. Starting with the vorticity equation,
∂ξ
dt
= −(v · ∇)ξ −D, (14)
where v is the rotational velocity, and D is the vorticity tendency due to
divergent flow and other vorticity sources and sinks. In spectral space, the
enstrophy equation is
∂Gn
dt
= Jn +D
G
n , (15)
with enstrophy G = 1
2
ξ2, and divergent effects, sources, and sinks contained
within DGn . The enstrophy interaction term is given by the enstrophy transfer
function (Burgess et al., 2013; Read et al., 2018),
Jn = −1
4
n∑
m=−n
[
ξ∗m,n {v · ∇ξ}m,n + ξm,n {v · ∇ξ}∗m,n
]
, (16)
and the associated energy transfer function is
In =
a2
n(n+ 1)
Jn. (17)
The enstrophy and energy fluxes can now be computed:
ΠZn+1 = −
n∑
l=1
Jl and Π
E
n+1 = −
n∑
l=1
Il (18)
respectively. The integral over all wavenumbers N is zero by construction
and should also be equal to zero at n = 0 as the energy transfer functions
represent conservative processes.
5. 1/2◦ Saturn reference simulation
5.1. Time evolution of the kinetic energy
Spiga et al. (2020) report on simulations covering 15 Saturn years using
the Saturn DYNAMICO GCM. Wind fields are output every 20 Saturn days
15
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Figure 2: Time evolution of kinetic energy as a function of Saturn’s simulated years: time
evolution of the zonal (EZ in red), residual (ER in black), and total energy (ET in blue),
in Saturn years. Energy is in m2 s−2. Yellow stars correspond to times t ' 0.002 years
(60 days), 0.009 (220 days), 0.012 (300 days), 0.015 (380 days), 0.02 (540 days), 0.04, 0.1,
0.2, and 0.6 years. The black rectangle zooms in to the twelfth year, where the yellow
stars are at times t2 = 12.5, t3 = 12.78, and t4 = 12.8 years.
at 32 pressure levels onto 1/2◦ latitude-longitude grid maps. The time evo-
lution of the total energy ET = EZ + ER, as well as the zonal and residual
energy, EZ =
∑N
n=0EZ(n) and ER =
∑N
n=0ER(n) respectively, are reported
in Fig. 2, with maximum total index N = 360 for 1/2◦ horizontal resolution.
The total energy strongly increases to reach a plateau after 1 Saturn simu-
lated year. In the steady state, the zonal energy is an order of magnitude
larger than the residual energy, and remains approximately constant over the
15 simulated years. The ratios of the time-average zonal and residual energy
to the total energy over the two last simulated years are EˆZ/EˆT ' 0.92 and
EˆR/EˆT ' 0.08, showing strong flow anisotropy in the zonal direction. The
energy profiles fluctuate around a mean value with two dominant frequencies
corresponding to annual and semi-annual periods. A typical annual period
is shown in the black square of Fig. 2, which zooms into the twelfth simu-
lated Saturn year. In what follows, we refer to these annual and semi-annual
periods as seasonal energy cycles.
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Figure 3: Instantaneous (latitude-longitude) velocity and vorticity maps: zonal velocity
(m s−1) (left), meridional velocity (m s−1) (middle) and vorticity fields (s−1) (right), at
altitude 94,28 km, at times t1 = 0.04, t2 = 12.5, t3 = 12.78, and t4 = 12.8 years. These
particular times are indicated with yellow stars in Fig. 2.
5.2. Horizontal velocity and vorticity fields
Fig. 3 shows instantaneous zonal and meridional velocity fields as well as
the vorticity field at time step t1 = 0.04 Saturn year and once steady state
is achieved. All wind fields are shown at 94.28 km above the 3 bar level
(located on vertical cross-section Fig. 4), roughly corresponding to Saturn’s
visible tropospheric cloud deck. After time t1 = 0.04 Saturn years, baroclinic
instabilities drive zonal and meridional motions with comparable magnitude,
preferentially in the equatorial region.
In the steady state, the zonal velocity component largely dominates the
flow, forming multiple axisymmetric jets with mid-latitude jets that reach 60–
70 m s−1. The number of jets is consistent with the most recent observations
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(i.e. three per hemisphere) (Porco et al., 2005; Garc´ıa-Melendo et al., 2010).
However, our model underestimates the jet magnitude by a factor 1.5–2.
The prograde equatorial jet is only weakly super-rotating, and its intensity
is approximately one order of magnitude smaller than observations. This
means that jet acceleration by waves and eddies, albeit significant, remains
underestimated with our model’s current configuration (Spiga et al., 2020).
The three lower maps in Fig. 3 correspond to a sequence of increasing residual
energy in the annual cycle observed in Fig. 2. We show times t2 = 12.5, t3 =
12.78, and t4 = 12.8 years (see the yellow stars Fig. 2), which correspond to
the minimum, intermediate, and maximum of residual energy in the zoomed
in part of Fig. 2, respectively. This sequence begins at t2 = 12.5 years with
a pattern of steady jets, minimizing the non-axisymmetric perturbations. At
t3 = 12.78 years, an instability grows from a jet and propagates throughout
the entire southern hemisphere (referred to by Spiga et al. (2020) as “eddy
bursts” following the early work by Panetta (1993)). The system finally
reaches a maximum of residual energy near t4 = 12.8 years, before it returns
to a steady jet pattern with low residual energy. The same sequence occurs
in the northern and southern hemispheres within the annual cycle. These
energy cycles are due to the intermittent forcing that relates to the annual
and seasonal variations of sunlight absorption in the atmosphere.
5.3. Meridional cross-section of the velocity field
Figure 4 shows meridional cross-sections through the zonal and merid-
ional velocities at time t1 = 0.04 and t4 = 12.5 Saturn years. At the earlier
time, baroclinic instabilities force zonal and meridional motions in the top-
most layers, while the bottom velocity is close to zero. A strong velocity
gradient prevails in the vertical and flow barotropization (i.e. vertical invari-
ance) is only perceptible in the equatorial region. Nonetheless, the presence
of a velocity gradient during the early simulated days provides evidence for
vertical anisotropy in the forcing. Once the steady state is achieved at the
later time shown, the flow is dynamically constrained to have a weak vertical
gradient at all latitudes (i.e. it becomes strongly barotropic). The jets ex-
tend throughout the domain depth and form a quasi-2D dynamical system in
which the barotropic component of the flow accumulates most of the kinetic
energy in Saturn’s global circulation. As suggested by Charney (1971), flow
barotropization can be related to an upscale energy cascade into the vertical
flow component. Energy accumulation into the barotropic mode reaches its
maximum in the troposphere and lower stratosphere (depicted as a dashed
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black square in Fig. 4) where the barotropic energy exceeds its baroclinic
counterpart by a factor 7 while it decreases to a factor 3 in the upper strato-
sphere. This might relate to the continuous energetic forcing by baroclinic
instabilities that occurs in the topmost stratospheric region. We also note
that barotropization appears to be mainly active at high- and mid-latitude
consistently with what have been observed by Chemke and Kaspi (2015) for
the Earth’s atmosphere. Note that due to the shallow-atmosphere approxi-
mation, where the latitudinal projection of the rotation spin axis is neglected,
these barotropic columns align with the spherical radius. By implementing
all components of the Coriolis force in the model equations, these columns
would likely tilt in latitude. Such flow barotropization is expected to extend
down to depths of thousands of kilometres beneath the tropospheric cloud
level, probably into the region of magnetic dissipation at a depth of ∼ 3, 000
km for Jupiter (Kaspi et al., 2018) and ∼ 9, 000 km for Saturn (Guillot et al.,
2018; Galanti et al., 2019). Here, our Saturn reference simulation limits us to
a thin atmosphere of ∼ 360 km in the vertical, which remains a key intrinsic
limitation of shallow GCMs.
5.4. Spectral analysis of the wind field
At different vertical levels we computed the horizontal velocity spherical
harmonic decomposition, following Eq. (11). Figure 5 summarizes the kinetic
energy spectra in the steady state for our Saturn reference simulation, show-
ing the zonal spectrum EZ(n), the residual spectrum ER(n), and the modal
spectrum E (n,m) (for modes m = 1 to 10 only). All spectra are averaged
in time over the two last simulated years, and over several vertical levels
sampling both the troposphere and the lower stratosphere, i.e. where energy
strongly accumulates into the barotropic mode (see black dashed square in
Fig. 4).
The zonal spectrum follows the -5 slope and magnitude predicted by
Eq. (4a). At large scales, the zonal spectrum exceeds the residual spectrum
by about two orders of magnitude, providing evidence for the strong zonal
anisotropy inherent to zonostrophic turbulence. Although m = 1, 2, and 3
are more energetic and bumpy than other modes, the modal spectra preserve
a nearly n−8/3 slope over a wide range of n. Likewise, the global trend in
the residual spectrum over the full range of n fits the n−5/3 slope expected
from the KBK theory of 2D turbulence, and makes it possible to estimate the
inverse energy cascade rate . The bump in the residual and modal spectra
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Figure 4: Instantaneous (altitude-latitude) meridional cross-section of velocity maps: zonal
(left) and meridional (right) velocities (m s−1) at longitude λ = 0◦, times t2 = 0.04 (top)
and t4 = 12.5 (bottom) Saturn years, as a function of latitude and altitude (in km, with
0 km at the 3-bar level, which is the bottom of the model). In the bottom left panel, the
solid line corresponds to the level at which horizontal maps are shown. The black dashed
square shows the vertical depth over which the statistical analyses are averaged.
at moderate n, which makes these spectra differ at medium scales from the
n−5/3 and n−8/3 slopes respectively, will be discussed below. Using Eq. (4b)
and assuming CR = 6, we estimate  ≈ 2×10−6 m2 s−3. Considering that the
total kinetic energy growth during model spinup will be approximately linear,
i.e. ET (t) = t, and that the spinup period lasts about one Saturn simulated
year or 109 s (Fig. 2), the equilibrium total kinetic energy of about 2000 m2
s−2 in Fig. 2 corresponds very well to the total energy injected during the
first year of the simulation. With β = 4 × 10−12 m−1 s−1 and CZ = 0.5, we
compute the transitional index nβ ' 58, the zonal index nZ ' 449, and the
Rossby index nRo ' 2.7×105 and non-dimensional number Ro = 4×10−3 for
our Saturn reference simulation. We estimate the RMS velocity U ' 55 m s−1
using the total energy in the steady state EˆT , leading to a value nR ' 11 for
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Figure 5: Spatial kinetic energy spectra as a function of latitudinal index: vertical grey
lines are the Rhines scale nR (left) and the transitional scale nβ (right). The grey area
corresponds to the Rossby deformation radii nD, showing typical scales of the baro-
clinic instabilities. Normalized zonal and residual energy spectra EZ(n)/(a)
2/3 (red)
and ER(n)/(a)
2/3 (black) as well as modal spectra for m = 1 to 10, E (n,m)/(a)2/3
(green). Dashed lines represent theoretical predictions from expressions: Eqs (4a) in red,
(4b) in black and Eq (7) in green.
the Rhines index. In Fig. 5, the Rhines and transitional indices border the
zonostrophic inertial range characterized by its zonostrophy index Rβ = 5.3,
which significantly exceeds the zonostrophic threshold Rβ ≥ 2.5 stated in
Section 3.2. These statistics are summaried in Table 1. The estimated value
of nZ exceeds the largest index N = 360 resolved in our 1/2
◦ Saturn reference
simulation, and so does not appear in Fig. 5.
By approximating the zonal and residual spectra with their predictions,
Eqs. (4a) and (4b), assuming straight horizontal lines for n ≤ nfr, and by
integrating over indices n, one finds analytical expressions for EZ and ER
(Sukoriansky et al., 2002; Galperin et al., 2014). This leads, in the framework
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 (m2 s−3) nZ nβ nR Rβ
Saturn reference simulation 2× 10−6 449 58 11 5.3
Choi and Showman (2011) 5× 10−6 550 67 10.9 6.1
Galperin et al. (2014) 10−5 430 57 10.9 5.2
Table 1: Summary of diagnostic quantities that facilitates comparison between our Saturn
reference simulation (SRS) and previous studies of Jupiter’s tropospheric dynamics using
cloud tracking from Cassini images.
of zonostrophic turbulence, to the definition of the anisotropy index
γ = EZ/ER ≈ (3/4)(10CZ)−5/6R10/3β . (19)
The associated ratios EZ/ET = γ/(1 + γ) and EˆR/EˆT = 1/(1 + γ) give
EZ/ET ' 0.98 and ER/ET ' 0.02 with Rβ = 5.3. This sightly overestimates
the time-averaged ratios obtained in Section 5.1 (i.e. EZ/ET ' 0.92 and
ER/ET ' 0.8) from spectral analysis of the simulated flow. Both estimates
nevertheless point towards significant flow anisotropy.
The statistical analysis of our Saturn simulation is consistent with all
basic properties of the theoretical scaling introduced in Section 3 and sum-
marised in Fig. 1. The non-dimensional scaling used in this study allows for
direct comparison with other planetary atmospheres in which zonostrophic
turbulence develops. Statistical analyses of Jupiter’s atmospheric circulation
at cloud level have been previously described by Choi and Showman (2011)
and Galperin et al. (2014) using Jupiter images from the Cassini mission.
Galperin et al. (2014) calculated non-dimensional scalings similar to those
used in the present study based on both their own wind field data set and
Choi and Showman (2011)’s. The resulting non-dimensional quantities are
reported in Table 1 and show that the Jovian troposphere and our Saturn
numerical simulation share analogous dynamics with similar zonostrophy in-
dices and spectral anisotropy. However, specific features of Saturn’s dynamics
appear when looking at the details of the energy spectra. In our simulation,
the modal spectra E (n,m) show that modes m = 2 and 3 make a dominant
contribution to the residual spectrum, suggesting strongly energetic waves
that propagate in the zonal direction. Spiga et al. (2020) identified indeed
wavenumber-2 and wavenumber-3 Rossby waves and Rossby-gravity waves,
with possible relation to wave patterns observed by either Voyager (Achter-
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berg and Flasar, 1996) or Cassini (Guerlet et al., 2018). However, as of now,
a complete statistical analysis using Saturn direct observations is yet to be
performed on the most recent images. Consequently, prominent modes and
spectral energy bumps in our Saturn reference simulation remain to be con-
firmed by observations.
Our simulation captures the global statistical picture of the gas giants
and specifically Saturn’s dynamics in some respects, despite the ad hoc con-
ditions enforced in our GCM to compensate for unknown frictional effects
and unresolved small scale dissipation. Hypeviscosity is responsible for the
sudden energy drops where all spectra significantly deviate from predictions.
It qualitatively defines a typical range of indices, nδ & 170, for which hypevis-
cosity effects are predominant. Frictional effects are less evident but a likely
crucial to set the large-scale dynamical regime in which a wealth of turbulent
waves and eddies develop. Our model also suffers intrinsic limitations such
as limited vertical resolution and the absence of moist convection, which are
both likely to impact wave propagation and global atmospheric circulation.
5.5. Spectral fluxes and time evolution
We present in Fig. 6 transient dynamics showing instantaneous kinetic
energy spectra as well as energy and enstrophy spectral fluxes. Time evolu-
tion of the spectral quantities are shown in Fig. 6(a-c) from an atmosphere at
rest to the steady state, and in (d-f) we show the annual oscillation in energy
diagnostics, which can be interpreted as the standard deviation of the mean
state. These instantaneous spectra correspond to the time steps marked with
yellow stars in Fig. 2. In what follows, the terms “steady state” and “mean
state” are used synonymously to refer to time-averaged spectral quantities
using the averaging procedure described in Sect. 5.4 (and Fig. 5). This sec-
tion provides more details on non-linear interactions and general energetic
pathways in Saturn’s atmospheric circulation throughout our numerical sim-
ulation. More specifically, this approach allows us to identify the scale at
which kinetic energy is created in the system, how it transits, and where it
ends up.
Fig. 6(a) shows the time evolution of the residual kinetic energy spectra
from 60 simulated days to half a year before it reaches the steady state. Time
steps are located in time on the time evolution profiles of kinetic energy in
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Fig. 2. At the first time step, the spectrum is weakly energetic and approxi-
mately flat over all scales. When the flow is energized by solar absorption in
the stratosphere, the spectra show that kinetic energy is predominantly in-
creased at small scales. As mentioned above, the most relevant length scales
for energy creation are the baroclinic Rossby deformation radii. However,
hypeviscosity presumably damps kinetic energy in the scale range that co-
incides with the typical length scales of baroclinic eddies. This damping is
likely to impede the formation of a sharp energy peak near nD and certainly
reduce the global energy budget at all scales. Such a condition at small scales
suggests that our simulation is eddy-permitting but not fully eddy-resolving.
Under confinement effects, i.e. the coupled action of geometrical and dy-
namical confinement, the energy spectra develop a n−5/3 slope with a bumpy
front that propagates in time toward large scales, up to n ' 2. This upscale
energy transfer is not arrested at the Rhines scale, and extends over a large
spectral domain, i.e. 2 . n . 170, for which the n−5/3 slope fits the residual
spectrum very well in the steady state.
Figure 6(b,c) shows snapshots and the steady state of the spectral fluxes
at the same time steps. Positive spectral flux corresponds to energy trans-
fer from small to large indices n, which is a downscale energy cascade, and
conversely negative values correspond to an upscale energy cascade. The gen-
eral trend in the steady state is clear: energy flux is negative from nδ = 170
down to n = 2, showing a wide inertial range with upscale energy transfer.
This is consistent with the n−5/3 spectral signature of residual kinetic energy
shown in Fig. 6(a). At scales nδ&170, the positive energy flux suggests a
downscale energy cascade over a range that perfectly matches the spectral
domain where hyperviscosity directly affects the kinetic energy spectra. The
index nδ = 170 at which energy flux changes sign appears to be robust at
all times during spin-up, and occurs at a scale slightly larger than the first
Rossby deformation radius with typical index nD = 225. hypeviscosity pos-
sibly distorts energy creation, shifting to larger scale the onset of the upscale
cascade. When the flow satisfies the conditions for quasi-geostrophy, theoret-
ical studies (e.g. Charney, 1971; Salmon, 1980) also suggest the existence of
an downscale enstrophy cascade. This trend seems to be consistent with our
Saturn reference simulation: in Fig. 6(c), the enstrophy flux is predominantly
positive and increases strongly with n up to the resolution limit. At scales
larger than the transitional index nβ, the enstrophy flux becomes weakly neg-
ative, showing a tendency for an upscale enstrophy cascade. Such a feature
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Figure 6: Time evolution of spatial kinetic energy spectra as well as energy and enstrophy
fluxes as a function of latitudinal index: vertical grey lines are the Rhines scale n
R
(left)
and the transitional scale n
β
(right). The grey area corresponds to the Rossby defor-
mation radii n
D
, showing typical scales of the baroclinic instabilities. Normalized (top)
residual kinetic energy spectra E
R
(n)/(a)
2/3
, (middle) spectral fluxes of energy Π
E
/ and
(bottom) spectral fluxes of enstrophy Π
Z
/(
−1
a
2
). In all panels, spectral quantities in the
steady state are averaged in time and shown as solid black lines. (Left) Transients of the
instantaneous spectral quantities from the start of the simulation (colour gradient) to the
steady state (black line). The colour gradient from light to dark lines corresponds to times
t ' 0.002 (60 days), 0.009 (220 days), 0.012 (300 days), 0.015 (380 days), 0.02 (540 days),
0.04, 0.1, 0.2, and 0.6 years. (Right) Instantaneous spectral quantities near the minimum
of the energy cycle at t2 = 12.5 years (coloured dashed lines) and the maximum of the
energy cycle at t4 = 12.8 years (coloured solid lines) of the annual sequence shown in
Fig. 2.
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has also been observed for Jupiter by Young and Read (2017), in which the
upscale enstrophy transfer induces a weak peak in enstrophy near the Rhines
scale.
In Fig. 6(d-f), we bracket the mean state with two instantaneous plots of
spectral quantities close to the minimum (dashed lines) and the maximum
(thin solid lines) of residual energy in the annual cycle described in Sect. 5.1
and presented in Fig. 2. Spectral instantaneous diagnostics are computed
at times t2 = 12.5 and t4 = 12.8 years. The spectra in Fig. 6(d) reveal
interesting energy exchanges once the steady state is achieved: the Rhines
scale splits the dynamics between long-lived modes, which control the large
scales for indices n < nR, and transitional modes, which develop and break
up within the zonostrophic inertial range (i.e. nR < n < nβ) during the
annual energy cycle.
On the one hand, in the large scale range n < nR, the long-lived structures
are dominated by two highly energetic zonal modes, m = 2 and m = 3, whose
amplitude is insensitive to the annual variations. Thus, we refer to those as
long-lived modes: non-stationary m = 2 and m = 3 inertial waves which
are time-independent when looking at spatial spectra ER. This is illustrated
in Fig. 6(d), where instantaneous spectra are similar to the spectrum of the
mean state in the range n < nR. This is also observed in physical space when
looking at meridional velocity maps (Fig. 3), for which the m = 3 mode is
persistent over the whole energy sequence shown (the m = 2 mode was shown
in Spiga et al., 2020, Fig. 13).
On the other hand, in the zonostrophic range, the residual spectrum os-
cillates around the mean state showing a strongly energetic phase with a
nearly n−3 slope, and a phase of low energy matching the KBK n−5/3 slope.
(Chertkov et al., 2007). The n−3 spectral signature and the associated bumpy
residual spectrum might be related to the instability of the zonal jets, which
are barotropically unstable according to the Rayleigh-Kuo criterion (see In-
gersoll and Pollard (1982) for the general perspective, and Spiga et al. (2020)
for the SRS specifically). To support this, the modal spectra in Fig. 7, show
that the strongly energetic phase, is related to an enrichment of a large va-
riety of zonal modes that result from jet destabilization due to barotropic
instability. This intermittent enrichment by zonal modes of the energy spec-
tra is dominantly observed at scales that are close to but smaller than the
Rhines scale, making the spectral slope at n > nR much steeper. We note
that the zonal spectrum remains unchanged over time, and so are the jets.
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Similarly, snapshots of the spectral energy flux over the annual cycle
(Fig. 6e) show that the extended domain of the upscale cascade in Fig. 6(b)
results from the averaging procedure over time, and does not account for
instantaneous dynamics. Instantaneous diagnostics of the energy flux show
strong perturbations and sign changes, particularly in the range n < nβ,
which suggests a superimposition of direct and inverse energy cascades. Again,
when jets become barotropically unstable they break into turbulence and feed
a direct cascade of energy that appears to be of a comparable strength to the
inverse cascade in the low energetic phase. Nonetheless, when the residual
energy is at a maximum, the upscale cascade dominates except for a small
scale range, i.e. n . nR, where energy converges both from large and small
scales as energy flux changes sign at the largest scales. Such a convergence of
kinetic energy at the jet scale has been reported by Young and Read (2017),
who computed spectral fluxes from snapshots of Jupiter’s dynamics (covering
3–4 planetary rotation periods only). We also note that, within the zonos-
trophic inertial range, local perturbations of the energy flux (with a serrated
shape) are associated with similar perturbations of the enstrophy flux, which
departs from the classical picture of 2D turbulence (see Fig. 6 e-f). This
erratic enstrophy production at scales larger than the transitional scale nβ,
only visible in instantaneous fluxes, is suggestive of vorticity filamentation
that develops in the zonostrophic inertial range of 3D-turbulent atmospheric
layers.
In this section we have explored the dynamics of a 3D-turbulent atmo-
spheric layer that reproduces the statistical properties of zonostrophic turbu-
lence. Under geometric and dynamical confinements, time-averaged spectral
quantities are in good agreement with the energy-enstrophy double cascade
scenario. This double cascade found in our 3D simulations may be rem-
iniscent of the double cascade described in 2D flows by Kraichnan (1967)
theory. The statistical analysis of our Saturn reference simulation resem-
bles in several respects the spectral quantities reported from Jupiter images
(Young and Read, 2017) and other GCMs (Schneider and Liu, 2009; Read
et al., 2018). However, a novelty of our statistical analysis is that by looking
at the instantaneous spectral quantities we reveal peculiar relevance of the
Rhines and transitional scales in the 3D-turbulent zonostrophic regime. The
Rhines scale seems to act as an energetic barrier that splits the dynamics be-
tween long-lived modes, i.e. dominantly m = 2 and m = 3, and intermittent
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Figure 7: Instantaneous modal kinetic energy spectra as a function of latitudinal index:
normalized zonal energy spectra EZ(n)/(a)
2/3 (red) and modal spectra for m = 1 to 10,
E (n,m)/(a)2/3 (green). Left panel corresponds to the minimum of energy at t2 = 12.5
years and right panel to the maximum of energy at t4 = 12.8 years, in the annual energy
cycle shown in Fig. 2. Dashed lines represent theoretical predictions of the modal spectra
from Eq (7) and Rhines index nr (vertical dotted lines).
modes, which strongly depend on the seasonal energy cycles. Instantaneous
quantities also reveal the superimposition of the inverse and direct cascades
of both energy and enstrophy, in the extended inertial range n < nβ. These
complex dynamics are likely related to the formation of inertial modes, which
develop and undergo vorticity filamentation in 3D-turbulent atmospheric lay-
ers driven by an intermittent forcing that reflects the seasonal energy cycles.
In the next section we explore the role played by these seasonal energy cycles
in the global flow statistics by suppressing radiative transfer computations
in the GCM and implementing instead a continuous idealized Taylor-Green
forcing that is time-independent.
6. Idealized simulations
In order to explore the regime of Saturn macro-turbulence and other open
questions about the nature of the atmospheric circulation of giant planets,
we run a set of four idealized numerical simulations with varying rotation
rate and a well-controlled energy forcing.
We use an idealized version of our Global Climate Model based on DY-
NAMICO in which atmospheric flow in a Saturn-like atmosphere is driven by
a Taylor-Green forcing (Alexakis, 2015) and flow baroclinicity is suppressed
(this is obtained by switching off the physical parameterizations described in
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Guerlet et al., 2014, notably radiative transfer). Kinetic energy is injected
every 32 dynamical time steps at all vertical levels at a prescribed horizontal
wavenumber ki. The forcing is given by
f =
 A sin (ϕ) cos (kiλ) sin (kiϕ) · eϕA cos (ϕ) sin (kiλ) sin (kiϕ) · eλ
0 · ez
 (20)
This approach avoids both forcing intermittency (i.e. semi-annual and annual
cycles, as well as eddy bursts) and spatial anisotropy. In addition, the energy
injection rate is known analytically from Eq. (10),
i =
N∑
n=0
n∑
m=−n
(u, f)m,n. (21)
The time-averaged injection rate, defined as ˆi = 〈i〉T , is set to emulate
the energy transfer rate  of our Saturn reference simulation. The forcing
magnitude A = 0.22 m s−1 leads to a mean energy injection rate that ranges
between 5.5 × 10−6 ≤ ˆi ≤ 5.6 × 10−6 for all simulations. The injection
wavenumber kf = 56 project on index ni = 112 when the basis functions of
spherical harmonics are used. It is chosen to be both small-scale and outside
the range where model hypeviscosity affects the flow statistics (i.e. ni < nδ).
One relatively unconstrained aspect of the dynamics is the strength, and
latitudinal extent, of the artificial bottom drag due to the lack of detailed
knowledge about exactly where and how the MHD drag acts on the atmo-
spheric circulation. Here, we choose the drag formulation to be the same as
for our Saturn reference simulation (Spiga et al., 2020) to ensure that dif-
ferences among the simulations are not caused by differences in this poorly
constrained parameter. Investigating the effects of bottom friction that gov-
ern flow statistics at large scales is beyond the scope of the present paper.
Then rotation rate is the only varying parameter, which we set to 4Ω, Ω, Ω/2
and Ω/4, and each simulation reaches equilibrium over a timescale of one Sat-
urn year (a steady state plateau in energy is reached by 0.2 year, not shown).
6.1. Horizontal velocity and vorticity fields
Fig. 8 shows zonal, meridional and vorticity fields at the last remapped
time step and at the same vertical level as the horizontal maps of the Saturn
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Figure 8: Instantaneous (latitude-longitude) velocity and vorticity maps: flow fields are
shown for four idealised simulations with varying planetary rotation rate. (Left) zonal
velocity (m s−1), (middle) meridional velocity (m s−1), and (right) vorticity (s−1) at tro-
pospheric depth 94.28 km above 3 bar.
reference simulation in Fig. 3 (i.e. 94.28 km above 3 bar). The simulations
are ordered by decreasing rotation rate or, equivalently, by increasing Rossby
non-dimensional number. In all four idealized simulations, the combination
of low Rossby number with a strong β-effect leads to velocity and vorticity
patterns dominated by multiple eddy-driven zonal jets. The latitudinal jet
size decreases with increasing rotation rate, in keeping with Rhines’ theory.
Increasing rotation is also accompanied by the formation of intense non-
axisymmetric modes, which compete with the m = 0 dominant mode. This
is particularly evident at Ω and 4Ω, in which the meridional velocity and
vorticity fields are considerably strengthened.
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Figure 9: Spatial kinetic energy spectra as well as energy and enstrophy fluxes as a function of latitudinal index: spectral
quantities are reported for four idealized simulations at various rotation rates. The energy injection index ni is shown with
black vertical arrows. Vertical dashed lines show the Rhines (nR) and transitional (nβ) indices from left to right in each panel.
Vertical arrows correspond to the injection index ni = 112. (a) Time-averaged normalized kinetic energy distribution showing
zonal energy EZ(n)/(ia)
2/3 (red), residuals ER(n)/(ia)
2/3 (black), and modal spectra up to m = 10, E (n,m)/(ia)2/3 (green),
as well as their theoretical predictions (Eqs. 4a, 4b, and 7). (b) Time-averaged (black) and instantaneous (yellow) energy fluxes
ΠE/i. (c) Time-averaged (black) and instantaneous (blue) enstrophy fluxes Π
Z/(−1i a
2).
nZ nβ nR Rβ  (m
2 s−3) nRo Ro Erot/Ediv
SRS 449 58 11 5.3 2× 10−6 2.7× 105 4× 10−3 200
4Ω 1238 118 31 3.9 6× 10−6 2× 106 5× 10−4 100
Ω 773 85 13 6.3 3× 10−7 7× 105 3× 10−3 1000
Ω/2 427 56 9.5 5.9 3× 10−7 2× 105 5× 10−3 1000
Ω/4 235 37 7.3 5.1 3× 10−7 8× 104 9× 10−3 200
Table 2: Summary of energy diagnostic quantities, for comparison between our Saturn
reference simulation (SRS) and the idealized simulations.
6.2. Energy spectra of the wind fields
By computing spherical harmonic decompositions of the wind fields, we
show in Fig. 9 the time-averaged residual, zonal and modal spectra for each
rotation rate. Zonostrophic turbulence is a useful framework for interpreting
the statistical energy distributions from these simulations. In all simulations
(except 4Ω that slightly departs from predictions) the spectra display a self-
similar form with a well delimited zonostrophic inertial range in which zonal
energy dominates residuals with a magnitude proportional to β2 (Eq. 4a).
The Rhines index locates quite effectively the most energetic scale, above
which energy systematically decreases. Table 2 lists the indices and non-
dimensional numbers estimated from our spectral analysis for each simula-
tion.
The simulation at rotation Ω/4 has similar statistical properties to numer-
ical studies that model 2D-turbulent flow on the surface of a rotating sphere
(Sukoriansky et al., 2002, 2007; Galperin et al., 2010). We retrieve the two
distinct spectral domains shown in Fig. 1: the zonostrophic inertial range for
nR < n < nβ, and the residual-dominated range for nβ < n < ni. The resid-
ual spectrum follows the KBK n−5/3 slope, whose magnitude at the injection
scale is estimated to be  ' 3 × 10−7 m2 s−3. No energy is injected at the
jet scale, ensuring a smooth zonal spectrum and a peaked residual spectrum
at injection. The “zigzag” features of the zonal spectrum at small indices n
are due to the hemispheric symmetry of the zonal structure, which projects
onto the even indices. The modal spectrum shows equally distributed modes
apart from the axisymmetric mode m = 0, which dominates the dynamics
with a magnitude equal to CZβ
2 (see Eq. 4a). Finally, all modes intersect at
nz and the zonostrophy index, the Rossby index and the associated Rossby
number are respectively Rβ = 5.1, nRo = 8× 104, and Ro = 9× 10−3.
Considering simulation Ω/4 as a benchmark that reproduces the spectral
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features of zonostrophic turbulence, we now explore higher rotation rates to
frame our Saturn reference simulation within an idealized 3D-turbulent set-
up. At Ω/2, the zonostrophy index and Rossby index increase to Rβ = 5.9
and nRo = 2 × 105 (Ro = 9 × 10−3) respectively. These non-dimensional
quantities are closest among the idealized simulations to those obtained for
the Saturn reference simulation (see Table 2). Indeed, the lower rotation rate
Ω/2 is balanced by the lowest kinetic energy injection rate , leading to a
similar Rossby number and strength of the zonostrophic regime. Similarly
to SRS, the residual spectrum features a n−5/3 slope that exists between
the injection scale and the transitional scale (i.e. in the residual-dominated
range nβ < n < ni) and a n
−3 slope within the zonostrophic inertial range
that can be related to the growth of non-axisymmetric modes in the same
fashion as for SRS Fig. 6. Also, the steepening to a n−3 slope in the residual
spectrum might stem from the large value of the friction index (nfr ∼ nR
in the zonostrophic regime, see Sukoriansky et al., 2007) leading to erosion
and eventual destruction of KBK statistical laws at large scale, as shown
in Sukoriansky et al. (1999). If such a n−3 spectral slope is not retrieved in
direct observations of Saturn’s flow (n−3 slope being a common feature of the
SRS and its analogue ideal simulation at Ω/2), then it indicates that bottom
friction might have to be implemented in a more elaborate way in our GCM.
Moving to rotation rate Ω, the zonostrophic and Rossby indices rise to
Rβ = 6.3 and nRo = 7× 105 (Ro = 3× 10−3) respectively, and the dynamical
confinement by the jets is reinforced. Again, the residual energy spectrum is
substantially steepened and the modal spectrum now features energetic zonal
modes that pile up within the zonostrophic inertial range (predominantly
with m = 1 and m = 4). These modes, easily discernible in the velocity maps
(Fig. 8), break the flow’s zonal axisymmetry, leading to a dynamical regime
dominated by strong zonal waves. Neither the classical KBK energy cascade
nor the zonostrophic regime of Sukoriansky et al. (2002) are fully applicable
to this flow regime. By increasing the rotation rate again to 4Ω we suppress
the residual-dominated inertial range (nβ < n < ni), the transitional index
nβ nearly coincides with the injection scale and the resulting spectra are
curved. The lack of scale separation forces energy accumulation within a
restricted spectral range bordered by the Rhines and injection scales. The
associated low zonostrophy index Rβ = 3.9 suggests that the dynamics at 4Ω
are dominated by frictional effects that arrest the inverse cascade at relatively
small scale compare to other simulations. Consequently, all modes have a
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spectrum steeper than n−5, and the regime of zonostrophic turbulence is
therefore not applicable to this simulation.
The tendency of the residual spectrum to develop a maximum at small
total wavenumber, with a steeper slope at the adjacent smaller scales (≈ n−3),
is shared by all simulations with rotation rates larger than Ω/4, including the
SRS. It has been suggested that the bumpy residual spectrum (≈ n−3 slope)
can be related to the breaking of large scale zonal jets that are barotropically
unstable and produce non-axisymmetric zonal modes. Thus, the presence
of these intense zonal modes, inducing a ≈ n−3 slope, is a consequence of
the dynamical regime rather than a product of the intermittent-anisotropic
forcing specific to the Saturn reference simulation. One possible argument
is that non-linear wave interactions play an important role in 3D turbulent
models (see, e.g., Yarom and Sharon, 2014) and induce the formation of
strong zonal modes that steepen the spectral signature. This was indeed not
observed in previous 2D models where depth invariance was assumed and not
produced spontaneously by the dynamics. Another possible explanation is
that bottom friction distorts the statistics of the inverse cascade at large scale
(Sukoriansky et al., 1999), but testing this hypothesis is beyond the scope of
this work. In the large-scale range n < nR, the dominant long-lived modes
m = 2 and m = 3 that are observed in the Saturn reference simulation are
absent in all idealized cases. As a consequence, they are presumably related
to the baroclinic conditions specific to the SRS.
Finally, we note that rotation rate only weakly impacts the n−5 spectral
signature of the zonal spectrum for all simulations (except at 4Ω, where
the zonostrophic regime is not applicable). This is also true for residual
spectra at scales smaller than the injection scale, where the spectral slope
is invariably close to n−3. This is consistent with the associated downscale
enstrophy cascade at indices n > ni, but it could instead, and more logically,
result from the hypeviscosity damping that prevails at small scales.
6.3. Spectral fluxes
Figure 9(b,c) shows time-averaged spectral fluxes as well as instanta-
neous spectral fluxes randomly chosen from within the steady state period.
In our benchmark simulation Ω/4, we retrieve the double cascade scenario
of 2D-turbulent flows, characterized by a downscale cascade of enstrophy at
small scales (n & ni) and an upscale energy cascade forming an extended
negative plateau at large scale (n . ni). Looking at the instantaneous spec-
tral quantities (colour gradient), we find strong deviations from the mean
34
fluxes. If the enstrophy flux is only weakly varying around its time average,
the energy flux displays strong variations, specifically intensified beyond the
transitional index, i.e. for n . nβ. Again, the zonostrophic and residual-
dominated subranges feature different dynamics. The residual-dominated
range (i.e. nβ . n . ni) is characterized by a stably negative energy flux
that is the counterpart of the entrenched n−5/3 slope in the residual spectrum.
On the other hand, the zonostrophic inertial range is marked by a weak
energy bump in the residual spectrum, and the associated energy fluxes
strongly oscillate around the mean state, sometimes becoming positive. This
implies intermittent periods of upscale and downscale energy transfer, which
occurs only beyond the transitional index nβ. Strongly varying in space and
time, these direct and inverse energy cascades are not visible when looking
only at averaged spectra. Moreover, as they are present in both our idealized
simulations and in the SRS, the coexistence of positive and negative energy
transfers at large scale does not appear to be related to the nature of the
energy forcing.
Higher rotation rates show the same global tendency except that the
lack of scale separation considerably reduces the residual-dominated range
(nβ . n . ni) within which the n−5/3 slope develops. Due to the increasing
efficiency of dynamical confinement in latitude at larger Rossby index (and
hence lower Rossby number), the upscale energy flux increases by an order
of magnitude between Ω/4 and Ω. Note that energy fluxes are all normalized
by the energy injection rate ΠE/ˆi so the flux shows the proportion of energy
transferred with respect to the energy that was injected. Deviations from the
mean fluxes also increase with increasing rotation rate, and show a succession
of strengthened upscale and downscale energy transfers. The mean energy
flux remains upscale, however, as it is necessary to constantly sustain the
large-scale jets. Enstrophy is also strongly impacted by the intense activity
of non-axisymmetric modes and, at each downscale energy peak, corresponds
to a direct enstrophy cascade. It is also interesting that the n−3 slope in the
energetic spectra has positive enstrophy flux (on average) within the zonos-
trophic inertial range. This spectral signature (n−3) of a downscale enstrophy
cascade can be related to energy accumulation and enstrophy production at
large scales. In summary, for all simulations, the amplitude of the residual
spectrum at large scales (nR < n < nβ) increases with rotation rate and also
with the magnitudes of both the direct enstrophy cascade and the inverse
energy cascade, featuring a bumpy spectrum with a nearly n−3 slope.
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7. Conclusion
We have presented a phenomenological study of dynamical energy and
vorticity transfers between different horizontal scales in a 3D-turbulent Global
Climate Model. This constitutes a coherent and advanced statistical analysis
of the planetary flow implemented by Spiga et al. (2020) using the new dy-
namical core DYNAMICO, with the unprecedented combination of fine hori-
zontal and vertical resolution, and the incorporation of atmospheric physical
processes such as radiative transfer (Guerlet et al., 2014), emulating Saturn’s
troposphere and stratosphere.
We found spectral evidence that an inverse energy cascade occurs under
rapid rotation and shallow-depth confinement in a 3D-turbulent atmospheric
layer. We recover several statistical properties observed in more classical
regimes of forced rotating turbulence (specifically the inverse energy cascade
due to flow barotropization, Pouquet and Marino (2013); Deusebio et al.
(2014); Yarom and Sharon (2014); and the dual cascade in forced rotating
turbulence was analyzed by Sukoriansky and Galperin (2016) analytically)
and we show some statistics specific to Saturn’s atmospheric dynamics. The
growth of intense baroclinic eddies at small planetary scales and the coupled
action of low Rossby and a strong β-effect induces a zonal spectral anisotropy
that implies the presence of a zonostrophic turbulent regime (Sukoriansky
et al., 2002). A set of zonal jets emerges as the dominant flow structure,
and the flow’s statistical properties follow the double cascade scenario rem-
iniscent of the 2D turbulence paradigm (Kraichnan, 1967). Scaling analysis
reveals a turbulent regime in our Saturn reference simulation that is simi-
lar to that found in Jupiter’s atmosphere (Galperin et al., 2014; Young and
Read, 2017). Energy accumulation into the barotropic mode is also a feature
shared by our Saturn simulation and Jupiter as shown in recent observations
from Juno mission (Kaspi et al., 2018) and in a simulation of a Jupiter-like
atmosphere by Liu and Schneider (2015). Non-axisymmetric modes with
m = 2 and m = 3, which are specific to Saturn’s atmospheric dynamics, are
also retrieved in our spectral analysis (Spiga et al., 2020). However, although
GCM simulations have advanced a lot since the pioneering shallow models
of Cho and Polvani (1996), it is clear that shallow models still lack a natu-
rally arising prograde equatorial jet, whereas they arise generically in deep
convection models (Heimpel et al., 2005). GCMs are missing a fundamental
geometrical constraint that leads to the dominant scaling in the equatorial
region. However, at higher latitudes, only models that are restricted to a thin
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shell (inner-to-outer radius ratio > 0.9) appear capable of reproducing the
multiple, mid-latitude jets, which are too few and too broad in simulations
using deep convective models (Vasavada and Showman, 2005).
By running idealized simulations in a simplified GCM, with a well-controlled
energy forcing and for various rotation rates, we reproduce flows with a vary-
ing degree of agreement with the zonostrophic regime, framing the dynamics
of our Saturn reference simulation. A set of four idealized simulations al-
lowed us to clearly identify three inertial ranges with distinctive dynamics
and specific spectral signatures:
• A residual-dominated range (nβ < n < ni) characterized by a KBK
n−5/3 slope in the residual kinetic energy spectrum. The energy flux is
stably negative and the enstrophy flux is nearly zero.
• A zonostrophic inertial range (nR < n < nβ), marked by a steeper ≈
n−3 slope with a clear maximum in the residual energy spectrum, as well
as a succession of erratic upscale and downscale energy and enstrophy
transfers that dominate the mean dynamics. It has been suggested that
the steepening of the residual energy spectrum results from the pile-up
of non-axisymmetric modes at the jet scale that are produced by jet
instability (likely barotropic instability). Such an energy accumulation
at large scales is in turn likely responsible for the succession of positive
and negative spectral fluxes at large scales. It has also been mentioned
that bottom friction possibly affects the dynamics at large scale. It
might, for example, be partially responsible for the energetic bump
(n−3) in the residual spectra. If such a feature is not retrieved from
direct observations of Saturn’s flow, then GCMs might improve their
predictions by implementing a more elaborate bottom drag formulation
(Sukoriansky et al., 1999).
• A large scale range, for indices n < nR, dominated by friction and
marked by an energy decrease. Energy transfers are nonetheless effi-
cient up to this large scale range.
These three spectral ranges are observed in our Saturn reference simula-
tion, assuming that kinetic energy is injected near the Rossby deformation
radius. Only the dynamics within the large scale range differ from the ide-
alized simulations, where it is marked by the presence of the two long-lived
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modes m = 2 and m = 3. The main differences between the Saturn refer-
ence simulation and our idealized simulations are its intermittent-anisotropic
forcing resulting from the growth of stratospheric baroclinic instabilities over
seasonal cycles. As a consequence, while the non-dimensional quantities com-
puted from the SRS are similar to those from our Ω/2 idealized simulation,
the ratio between rotational and divergent energy is significantly different,
with Erot/Ediv ≈ 100 for the SRS compared with ≈ 1000 for the idealized
case (see Table 2). The periodic energy injection in the topmost atmospheric
layers requires a continuous adjustment of the dynamics that manifest as a
strengthened role of the divergent velocity component, leading to the specific
statistical features of our Saturn reference simulation.
In this study, we used only the rotational (non-divergent) part of the hor-
izontal velocity field when calculating the spectral fluxes. This spectral flux
based on the 2D vorticity equation is primarily responsible for the upscale
cascade while the divergent part contribution increases in the downscale cas-
cade range (Augier and Lindborg, 2013). In our configuration the flow is
highly barotropized, the upscale cascade covers a wide spectral domain, and
the energy in the rotational part of the flow is much larger than in the di-
vergent part, by a factor ≈ 100 to 1000 depending on the simulation. In
addition, the downscale cascade is presumably poorly resolved due to hy-
peviscosity effect at small scales. Nevertheless, the divergent part of the
spectral flux should be examined more closely in the future and might reveal
new statistical features in our Saturn reference simulation. Furthermore, the
implementation of atmospheric moist convection as an additional kinetic en-
ergy source will also significantly impact the dynamics, with its own spectral
signature.
A last (but not least) limitation of our approach is the horizontal and
vertical resolution. Baroclinic eddies can develop but are distorted by hy-
peviscosity. Increasing the horizontal resolution from eddy-permitting to
eddy-resolving would likely improve the representation of the global energy
budget. Ultimately, the strength of the upscale energy transfer is decisive in
setting the large scale non-axisymmetric dynamics, marked by the presence
of zonal modes. Dynamical confinement in latitude being fixed by Saturn’s
rotation rate, the strength of the upscale cascade might vary with vertical
resolution and/or depth extension through geometric confinement. However,
the exploration of various layer depths is beyond the scope of the present
study.
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